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We study the effect of a perpendicular magnetic field B on a multinode Weyl semimetal (mWSM)
of arbitrary integer monopole charge n, with the two Weyl multinodes separated in k-space. Besides
type-I mWSMs, there exist type-II mWSMs which are characterized by the tilted minimal dispersion
for low-energy excitations; the Weyl points in type-II mWSMs are still protected crossings but
appears at the contact of the electron and hole pockets, after the Lifshitz transition. We find that
the presence of a perpendicular magnetic field destroys the occupation pockets due to the Landau
quantization. In this theory, the Hilbert space is spanned by a set of n chiral degenerate ground
states, and a countably infinite number of particle-hole symmetric Landau levels. We calculate the
Hall conductivity for the tilt-symmetric case of type-I mWSM using the Kubo formula in the zero
frequency (DC) limit, and show that the exact T → 0 expression generalizes from the formula for
elementary (n = 1) type-I WSMs. All of the n degenerate zero modes contribute to Hall transport
in effect, and the well known topologically protected anomalous vacuum contribution is preserved.
We derive an expression (valid for arbitrary n) for the type-II mWSM Hall conductivity at zero
temperature, which is bounded by a Landau level cutoff introduced on physical grounds and is
analogous to the momentum cutoff for the B = 0 case. The corresponding zero temperature thermal
Hall and Nernst conductivities are evaluated and characterized for both phases. Interestingly, we find
that the anomalous contribution is vanishing in the type-II phase, unlike its non-universal character
in the absence of the magnetic field. We provide both analytical and physical reasons for obtaining
this result, and then show that the vacuum contribution is identically zero at all temperatures T ,
proving its universality.
I. INTRODUCTION
In quantum field theories, fermions are described
by four-component spinors which obey the Lorentz
invariant Dirac equation. In the massless limit, a single
Dirac spinor decouples to two two-component Weyl
spinors [1, 2] called Weyl or chiral fermions. In recent
years, the otherwise elusive Weyl fermions have been
realized in condensed matter physics through table top
experiments [3–5], and find theoretical generalizations
to a class of quasi-particle excitations characterized by
topological invariants, manifested in materials called
multi-Weyl semimetals [6–8].
A generic multi-Weyl semimetal (mWSM) is con-
sidered to be a topological quantum system, with two
k-space monopoles having opposite topological charge,
and a gapless spectrum [9, 10]. The integer charged
monopoles occur in pairs and act as a source or sink
for the Berry flux, i.e., the surface integral of the U(1)
Berry 2-form [11, 12]. These monopoles constitute the
Weyl nodes, which are the points at which the valence
and conduction bands touch. The low energy description
involves minimal models for a mWSM, which require
either inversion or time-reversal symmetry to be broken
[13–15], and give rise to Dirac-like dispersions at the
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Weyl nodes along a symmetry direction. The remaining
directions contribute to the energy non-linearly, dictated
by the monopole charge, leading to anistropy [6, 8, 12].
Weyl nodes of opposite chirality merge and annihilate
in pairs, while those of the same chirality can merge
to form nodes of larger topological charge, which are
stable provided that there is a point group symmetry
protecting the merger [6, 9, 10]. One can then un-
derstand the mWSM as a robust state of mergers of
m like-chirality unit charge monopoles or elementary
mWSMs. Elementary WSMs have been examined both
theoretically and experimentally in the contexts of chiral
magnetic waves [16], chiral anomaly induced plasmon
modes [17], magneto-optical transport [18], and negative
magneto-resistance [19].
In the low energy description, a Lorentz symmetry
violating tilt (C) term can be used to induce a new
phase of elementary WSMs known as type-II mWSMs
[20], with C  v, v being the Fermi velocity. Materials
with this band-structure have quasi-particle pocket
Fermi surfaces at charge neutrality, compared to the
point like Fermi surfaces for type-I WSMs (C  v).
This construction can be extended [21] to WSMs of
arbitrary winding number and can be used to probe the
properties of type-II mWSMs sufficiently far away from
the topological Lifshitz transition separating the two
phases.
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2Recent theoretical reports claim SiSr2 [7] and
HgCr2Se4 [9, 10] as possible candidates for mWSMs
with monopole charge n = 2. The dispersion anisotropy
in mWSMs coupled with spin-momentum locking [6] has
the potential to give rise to unique transport signatures
in the form of the chiral anomaly ([16, 17], for n = 1),
anisotropic screening of Coulomb interactions ([22],
for n = 1), and topological Hall physics ([13], for
n = 1). The influence of the chiral anomaly in different
phenomena can be derived using field-theory methods
[23].
Of great interest in condensed matter physics, es-
pecially in the presence of a magnetic field, is the
zero-mode or vacuum contribution to the Hall con-
ductivity. Anomalous Hall effect (AHE) refers to
the contribution to Hall conductivity from spin-orbit
coupling in ferromagentic material [24]. This is usually
dependent on the magnetization of the material and
comes in two flavors: intrinsic and extrinsic. Let us
clarify some terminology: the vacuum contribution
refers to the contribution of the groundstate to the Hall
conductivity. The anomalous vacuum contribution refers
to the part of the zero-mode contribution which depends
on the node separation Q (known to be universal in the
type-I phase, i.e., independent of T, µ) and is known in
the literature as the “topological” term [25].
AHE and the thermal Hall and Nernst coefficients
have been calculated in the minimal model of type-I
and type-II WSMs [24, 26], in a perpendicular magnetic
field [22, 25] (no tilt), and in lattice models [27]. The
stability of LLs in the type-II WSM phase depends
on the amount (and direction relative to the field) of
tilting [28, 29] and this influences the nature of the
chiral anomaly in this phase, showing up as novel
magneto-optical signatures [30]. The effects of charge
density waves (CDW) on mWSMs have been studied
in the context of LMR [31] and quantum oscillations
(n=1) [32]. The thermo-electric effect has been studied
semi-classically in WSMs [33] and double WSMs [34]
using the Boltzmann formalism.
Motivated by the prospect of rich and novel physics,
in this paper we study the intrinsic AHE of both types of
mWSMs in a perpedicular magnetic field. We find that
under the influence of a perpendicular magnetic field,
the continuum band-structure of the minimal model
mWSM splits into discrete copies of one-dimensional
dispersions in a plane perpendicular to the direction of
quantizing field. The degenerate ground states of this
system are chiral, as a recent experimental study [35]
indicates, leading to interesting consequences on Hall
transport. In particular, we pay close attention to the
anomalous vacuum contribution, known to be universal
in the absence of a magnetic field in the type-I n = 1
mWSM case, and non-universal in the type-II phase
[24]. Additionally, Mott’s relations [13, 18] permit the
study of the thermal Hall and Nernst conductivities, and
we discuss the implications of arbitrary Chern number
on all these material properties. It’s worth noting that
the only allowed values of monopole charge leading to
mWSMs which are protected by point group symmetry
are n = 1, 2, 3 [10].
Impurity scattering forms an intrinsic part of any con-
densed matter system, as no real sample is completely
clean. Modeling such effects have been attempted
by using Lorentizan widths [25], and by using the
self-consistent Born approximation [22] for different
types of impurities. While these are interesting avenues
of research, issues arise in the analytical tractibility of
such techniques and we restrict this current work to the
clean limit.
The rest of the paper is organised as follows: In Sec-
tion II we discuss time-reversal symmetry breaking model
Hamiltonian for the mWSM in a perpendicular magnetic
field and the corresponding dispersion relations. Section
III narrates the underlying physics of the band structure
due to Landau levels for the type-I and type-II mWSMs
where the limitations of the minimal model are explained.
Section IV deals with calculation of the AH conductivity
for both types of mWSMs. We explore the implication of
the chiral zero modes induced by the topological transi-
tion of the mWSM electronic structure, due to the pres-
ence of the quantizing field, on the off-diagonal transport
properties of the system. Additionally, results for type-I
and type-II thermal Hall and Nernst conductivities are
stated and explained in the context of the underlying
dispersion and occupations. In Section V we discuss the
physics leading to the annihilation of the vacuum con-
tribution for the type-II mWSM phase. In Section VI
we show that in both mWSM phases there is a universal
vacuum contribution. Finally, in Section VII we sum up
our findings.
II. THE MODEL
Our discussion begins with the minimal Hamiltonian
for a pair of multi-Weyl (mW) nodes given by [12]
Hsn = ~Cs(kz − sQ) + s~αnσ · np, (1)
where s = ± characterizes the Weyl point (WP),
Cs is the tilt parameter, which can be differ-
ent for each node, in principle. Here, np =
1
~
[
pn⊥ cos(nφp), p
n
⊥ sin(nφp),
v(pz−s~Q)
αn
]
, p⊥ =
√
p2x + p
2
y,
σ is the vectorized Pauli matrix, v denotes the Fermi
velocity in the absence of tilt, and n is the monopole
charge. This Hamiltonian has mW nodes separated by
2Q along ez, which is the unit vector along the z-direction
in momentum space, and αn constitutes the dimension-
ally consistent generalization of the Fermi velocity in the
3kx − ky plane. The dispersion of the s = + (Q = 0,
C+ = C > 0) node of a mWSM is given by [8, 12]
Et(k) = Ckz + tv
√
k2z + γ
2(k2x + k
2
y)
n, (2)
The quantum number t = +(−) denotes the conduc-
tion (valence) bands and γ is a dimensionful constant
(given by γ = αn/v), where v is the Fermi velocity. We
proceed by introducing a magnetic field perpendicular to
the x − y plane in the Landau gauge: A = xByˆ such
that B =∇×A = −Bzˆ. The Hamiltonian is presented
in the compact matrix form:
Hns,B =
 (Cs + sv)z ins
αn
`nB
(
√
2a†)n
−insαn`nB (
√
2a)n (Cs − sv)z
 , (3)
with the introduction of the ladder operators a(a†),
following the Pierel’s substitution pi → pi − eAi, and
setting c = 1, ~ = 1, z = kz − sQ. The spectrum Et,sN
and eigenstates of the mW Hamiltonian for the Landau
levels N ≥ n are given by [37]
Et,sN = Csz + tv
√
z2 + NPnΩ2
=
Cs
v
F0 + tFN , (4)
| N, s, t, kz〉 =
 C↑,s,t,kz,N |N〉
C↓,s,t,kz,N | N − n〉
 , (5)
ky
E
kx
E
ky
kx
FIG. 1: Left panel: Spectrum of a type-I mWSM in the absence of a magnetic field. Right panel: Tilted type-II
mWSM spectrum with B = 0, showing the formation of electron and hole pockets characteristic of this phase.
where, Ω represents the LL spacing [37], F0 ≡ v(kz −
sQ), and FN ≡ v
√
(kz − sQ)2 + Ω2NPn. The eigen-
states have been unit-normalized, and the quantum num-
ber t = +(−) denotes the conduction (valence) bands,
equivalently called the valley degrees of freedom. Here,
the dependence of the wavefunction on the plane waves in
the y and z directions have been suppressed for brevity,
and since the dispersion has no dependence on ky, it is
macroscopically degenerate. The explicit expressions for
the coefficients in eqn. (5) are given by,
C↑,s,t,kz,N =
1√
2
[
1 +
Ez
EtN − Ec
]1/2
δs,+
+
1√
2
[
1− Ez
EtN − Ec
]1/2
δs,−
C↓,s,t,kz,N =
−int√
2
[
1− Ez
EtN − Ec
]1/2
δs,+
+
int√
2
[
1 +
Ez
EtN − Ec
]1/2
δs,−. (6)
The Landau levels, characterized by N in the elemen-
tary WSM case, now generalize to NPn, where P is the
permutation operator defined as NPn =
N !
(N−n)! . The
modes with 0 ≤ N ≤ n− 1 have the form
|N = n− q, s, kz, s · t = +〉 =
[|n− q〉
0
]
,
1 ≤ q ≤ n, q  N, (7)
and are chiral since the s · t = −1 states vanish [37].
These states are also degenerate and their number equals
the monopole charge n.
4N
kz
N = n
Fermi Surface
t = + LL
t = - LL
Chiral LL
N = n− 1
E
N
t = - LL
N = n− 1
N = n
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t = + LL
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Fermi Surface
FIG. 2: Left panel: Type-I mWSM spectrum in the presence of a perpendicular magnetic field. The achiral valence
and conduction bands are in green and red respectively, with the Fermi surface shown in yellow, while the chiral
bands are depicted in violet. Right panel: Type-II mWSM with tilted bands showing that every LL N is partially
occupied.
III. BAND STRUCTURE OF MINIMAL MODEL
In the absence of the magnetic field, the bands for
type-I mWSMs (C  v) are shown as a function of
kz [20] in Fig. 1 (left) and form a continuum with
the actual band-structure presenting finite electron
pockets at µ > 0, while the minimal model dispersion
gives rise to infinite electron pockets near the Lifshitz
transition. For type-II WSMs, the tilt (C  v) leads
to the creation of electron and hole pockets which are
also unbounded [shown in Fig. 1 (right)] in the minimal
model, leading to the requirement of a physical cutoff of
the LL contribution [13, 18].
The presence of a magnetic field causes the band-
structure to change dramatically [37] with one-
dimensional profiles in the E − kz planes for each
Landau level N , as shown in Fig. 2 (left) with the
valence and conduction bands being increasingly gapped
for N ≥ n. The violet line depicts the n degenerate
zero-modes which are chiral, and all the LLs have
point-like Fermi surfaces which are characteristic for
type-I WSMs. All higher LLs are gapped. As the
Lifshitz phase transition is approached by tilting the
spectrum, the number of LLs which are occupied
grows in an unbounded manner [13, 18], and the min-
imal model becomes singular at the Lifshitz point, C = v.
As we move away from the Lifshitz transition into
the type-II mWSM regime, the Fermi surface remain
point-like for all states [Fig. 2 (right)]. This remarkable
feature can be understood in terms of the 1d profiles
for each LL (band) induced by the perpendicular
magnetic field, instead of the electron and hole pockets
[Fig. 2] found in the 3d continuum dispersion for the
B = 0 states of a mWSM. The unbounded electron
and hole pockets can lead to divergent momentum
integrals in the evaluation of transport coefficients,
and are usually treated in the minimal model mWSM
by introducing a momentum cutoff, Λ. By analogy,
in the case of the Landau quantized mWSM, it turns
out that the minimal model based calculations receive
contributions from every one of the infinite LLs in
the type-II mWSM phase. Physically, of course, these
contributions must be finite, since real materials have
finite band structures and correspondingly finite Landau
Levels. Since the desciption provided by the minimal
model is valid only for values of kz and N which are
sufficiently close to the Weyl point, we propose that
the contribution from the LLs be cutoff at some Nmax
[37], which is the analog of Λ. The electron and hole
pockets reappear in the B → 0 limit as the integer val-
ued N -axis, scaled by B, gets squeezed into a continuum.
IV. HALL CONDUCTIVITY CALCULATION
We pursue the calculation of zero frequency DC Hall
conductivity tensor in the linear response regime and use
the Kubo formula in d = 3 [37],
5σ
(s)
αβ(w) = −
i
2pi`2B
∑
N,N ′,t,t′
∫
dkz
2pi
nF (E
s
N,kz,t
)− nF (EsN ′,kz,t′)
EsN,t − EsN ′,t′
〈N, t, s|Jα|N ′, t′, s〉〈N ′, t′, s|Jβ |N, t, s〉
ω − EsN,t + EsN ′,t′ − iη
(8)
,
where Jα(β) represents the current operator, |N, t, s〉
are the eigenstates, and ηF (E
s
N,kz,t
) is the Fermi-Dirac
distribution. For computation of the Hall conductivity
we construct the x and y components of the current op-
erators explicitly from the Hamiltonian as,
jsx = −e
∂Hsn,B
∂(a†)
∂(a†)
∂kx
− e∂H
s
n,B
∂(a)
∂(a)
∂kx
, jsy = −e
∂Hsn,B
∂(a†)
∂(a†)
∂ky
− e∂H
s
n,B
∂(a)
∂(a)
∂ky
(9)
The required matrix elements for the computation are then given by
〈jsx〉 = −λsn
[
C?↑,s,t,kz,NC↓,s,t′,kz,N+1
(
NPn−1
)1/2
δN,N ′−1 + C?↓,s,t,kz,N ′+1C↑,s,t′,kz,N ′
(
N ′Pn−1
)1/2
δN,N ′+1
]
〈jsy〉 = iλsn
[
C?↑,s,t,kz,NC↓,s,t′,kz,N+1
(
NPn−1
)1/2
δN,N ′−1 − C?↓,s,t,kz,N ′+1C↑,s,t′,kz,N ′
(
N ′Pn−1
)1/2
δN,N ′+1
]
(10)
Inserting the exressions for the current matrix elements into the expression for the conductivity tensor, we obtain
σxy(ω = 0) = − λ
2n2
4pi`2B
Nmax∑
N=n−1
NPn−1
∑
t,t′=±
∫ ∞
−∞
dkz
2pi
nF (E
s
N,kz,t
)− nF (EsN+1,kz,t′)
(EsN,kx,t − EsN+1,kz,t′)2
(
1 +
s
t
F0
FN+1
)(
1− s
t′
F0
FN+1
)
,
(11)
where the Fi’s are defined in eqn.(4). The Mott’s re-
lationship [13, 18] defines the thermal Hall and Nernst
conductivties as
αxy = eLT
dσxy
dµ
, Kxy = LTσxy, (12)
where L = pi2k2B/3e
2 is the Lorentz number, e is the
electronic charge, and kB is the Boltzmann constant.
Here we wish to note that the vacuum contribution is
sourced by the N = n− 1 term in eqn.(11), since this is
precisely where the chiral structure of the groundstates
come into play, annihilating contributions from zero-
modes satisfying s · t = −1 (note that these modes don’t
exist and hence their contribution vanishes). The Hall
conductivity tensor can be computed analytically in the
T → 0 and ω → 0 (DC) limit, for both type-I and type-II
mWSMs, in the tilt-symmetric case C+ = −C− = C > 0.
A. Type-I mWSM Hall conductivity.
In this case, the computation of the off-diagonal com-
ponent of the conductivity tensor yields (evaluation of
integrals in [37]),
σxy(ω = 0) = n
e2Q
2pi2
− e
2
2pi2
v
v2 − C2
[
n(1− C
v
)µ+ 2
Nmax∑
N=n
√
µ2 − Ω2(v2 − C2)NPn
]
(13)
with Nmax set by the chemical potential µ (assumed to be positive, without loss of generality), and tilt as
6NPn =
µ2
(v2−C2)Ω2 , with Nmax = bNc, where we have
assumed that the chemical potential lies between two
Landau levels [38]. This is the conductivity tensor for a
single Weyl node specified by s = ± and this result is
a very natural generalization of the n = 1 case [22, 25],
with C → 0. For a generic monopole charge and µ 6= 0
there are no closed form solutions for n ≥ 5, but one can
show that there is only one physical solution Nmax, for
µ > 0,∀n [37].
Note that algebraically we find that the only ground
state that contributes to the current correlation function
is N = n − 1. However, it contributes with strength
n, which is the monopole charge and the number of
degenerate ground states, and hence this contribution
can be interpreted as all n ground states contributing
equally. Under the circumstance that only the ground
state is occupied, the Hall conductivity scales as the
monopole charge, which can be interpreted as the
contribution of n Fermi arcs connecting n pairs of (unit
monopole charge) Weyl point [6], giving rise to the
anomalous Hall effect. This description breaks down for
the higher LLs where the functional dependence is more
complicated. Increasing µ from charge neutrality gives
discontinuous jumps in Hall conductivity as higher LLs
get occupied which is a hallmark of quantum Hall phases.
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FIG. 3: Left panel: The thermal Hall conductivity (units of momentum) of a type-I mWSM, plotted as a function of
magnetic field dependent LL spacing Ω/v with units of momentum. Right panel: The rescaled dimensionless Nernst
conductivity of a type-I mWSM, plotted as a function of magnetic field B dependent LL spacing Ω with units of
momentum. The plots have been shown for three different values of n and are at temperature T = 0.1K.
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FIG. 4: Left panel: The thermal Hall conductivity (units of momentum) of a type-I mWSM, plotted as a function of
rescaled chemical potential µ/v with units of momentum. Right panel: The rescaled dimensionless Nernst
conductivity of a type-I mWSM, plotted as a function of rescaled chemical potential µ/v with units of momentum.
The plots have been shown for three different values of n and are at temperature T = 0.1K.
The expression for σxy becomes singular as C → v, a consequence of the appearance of infinite LL contri-
7butions in the minimal model when approaching the
Lifshitz transition form the mWSM-I side. As in the
zero-field elementary WSM case, the expression for the
σxy is independent of the cutoff. The thermal Hall
and Nernst conductivities are plotted as a function of
magnetic field [Fig. 3] and chemical potential [Fig. 4].
B. Type-II mWSM Hall conductivity
The results for type-II mWSMs are as follows [37]:
σxy(ω = 0) = − e
2
2pi2
[
2µC
C2 − v2 (Nmax + 1) +
nµ
C − v −
2
v
C2 + v2
C2 − v2nµ
]
(14)
4 5 6 7 C/v
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FIG. 5: Left panel: The thermal Hall conductivity (units of momentum) for a type-II mWSM is plotted as a
function of rescaled dimensionless tilt C/v. Right panel: The rescaled dimensionless Nernst conductivity for a
type-II mWSM is plotted as a function of rescaled dimensionless Fermi velocity v/C, at fixed tilt.
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FIG. 6: Left panel: The thermal Hall conductivity (units of momentum) for a type-II mWSM is plotted as a
function of rescaled Fermi velocity v/C, at fixed tilt. Right panel: The rescaled dimensionless Nernst conductivity
for a type-II mWSM is plotted as a function of rescaled tilt C/v. All plots include the different curves for n = 1, 2, 3,
and have T = .1K.
Note that the anomalous node term has vanished, with Nmax [37] being the physically motivated cutoff of the
8LL occupation. The Hall conductivity grows linearly
with increasing chemical potential, leading to a constant
Nernst coefficient, upto the evaluation of the cutoff.
While increasing µ in the minimal model has no effect on
occupation since all the LLs are occupied, real materials
will experience an increasing quasi-particle occupations
corresponding to an increasing physical cutoff, Nmax.
The variation of thermal Hall and Nernst conductivities
with tilt and Fermi velocity are depicted in Fig. 5 and
Fig. 6.
The anisotropic dispersion of a general mWSM close
to the Weyl node in the presence of a perpendicular
magnetic filed can be confirmed using angle-resolved
photo-emission spectroscopy [39, 40]. Also, a simple
closed circuit setup [13, 18] can be used to verify the
claims made in this manuscript, i.e, eqns. (13) & (14).
Such classes of setups are fairly common for the mea-
surement of transport properties of materials in general,
not just topologically non-trivial systems [41–43]. The
Nernst and thermal Hall coefficients calculated here
represent the system’s response to a current in the linear
regime, and can be measured directly.
V. ANNIHILATION OF VACUUM
CONTRIBUTION OF AHE IN TYPE-II WSM AT
T → 0
In this section we analyze the vanishing of the AHE
vacuum contribution in the type-II mWSM phase. We
seek to understand this phenomenon from the perspec-
tive of band-structure and occupations in the T → 0
limit of the type-II phase.
The occupation of states are governed by the inequal-
ities embedded in the Ferm-Dirac functions, which be-
come Heaviside step-functions in the T → 0 limit. We
can understand the difference between the two mWSM
phases separated by the Lifshitz transition by examining
the behavior of these inequalities and crucially, the tran-
sitions between the N = n − 1 and N = n states which
give rise to the vacuum contribution. We consider the
effect of tilting and the Lifshitz transition on one node
and the results are identical for the other node, since
the nodes are non-interacting. The theta functions stem-
ming from the Fermi functions at zero temperature lead
to inequalities, which for s = + and t = ± read:
f(z) = µ
′ − αz ±
√
z2 + ∆2 ≥ 0, (15)
in their most generic form. ∆ models the Landau level
(LL) contribution and separates the inequality function
and the dispersion into two equivalence classes modulo
the value of ∆: the class of excited states has ∆ 6= 0 and
the ground state has ∆ = 0. The value of ∆ dictated by
the Landau level N is unimportant for this discussion.
For the ground state ∆ = 0 this operation picks out the
negative branch from eqn.(15) since for s = +, only the
t = + chiral ground state exists.The parameter α is the
ratio C/v which defines the two phases - if α < (>)1
we have the type-I (II) phase. µ
′
= µ/v is the rescaled
Fermi energy. The plots for these functions are presented
for the and non-ground states in Figs. 7(a) and 7(b)
respectively and the for the ground state in Fig. 7(c).
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FIG. 7: The values shown in the legend are those of α
for both phases. (a) The inequality function for the
non-ground states t > 0 (b) The inequality function for
the non-ground states t < 0 (c) The inequality function
for the ground state
The inequality function is intimately related to the
tilting of the dispersion as evident in the plots. Noting
that the theta functions being non-zero require the
9inequality function to be positive, we make the following
observations. In the type-I (α < 1) phase the inequality
function for t = + is always positive and goes to positive
infinity at large |z| - contrasted with the ground state
which is only positive at large |z| for z > 0. This leads to
the node dependence as obtained in eqns.(D23, D26) of
[37]. The t = − inequality function for ∆ > 0 is bounded
for positive values and does not contribute to the cutoff.
For the type-II phase (α > 1), both the zero-mode and
non-zero mode dispersions are positive at large |z| only
for z < 0, which leads to the cancellation of the vacuum
contribution, holding true term by term in eqns.(F25,
F29) of [37].
The key point lies in the domination of the tilt in
the type-II phase which leads to the cancellation of the
occupations at the cutoff, leading to the vacuum term
being both cutoff and node-independent, i.e., zero. One
can understand this in terms of the hole pockets which
arise in the type-II phase [20], leading to a decreased
and non-universal vacuum contribution due to hole and
electron contributions competing [24]. In the presence
of the magnetic field this destructive interference is
absolute! One can trace this back to the idea that in
the absence of the magnetic field, there are extended
hole and electron pockets in the spectrum of the type-II
mWSM whose relative sizes depend on the tilt angle.
However, in the presence of the magnetic field, the
pockets are once again point-like (similar to the type-I
mWSM case, but different in that the type-I phase only
has electron pockets) and the point-like contributions
from holes and electrons cancel.
VI. UNIVERSAL VACUUM CONTRIBUTION
IN TYPE-II MWSMS
In this section we examine the anomalous part of vac-
uum contribution at arbitrary temperature for the type-
II mWSM phase. We begin with eqn.(11) and find a
compact form (details in [37]) as shown below.
σ(s)xy (ω = 0) = −
λ2
8pi`2B
1
Ω2v2
Nmax∑
N=n−1
(2N + 2− n)
∑
t,t′=±
∫ ∞
−∞
dkz{nF (EsN,kz,t)− nF (EsN+1,kz,t′)} (16)
− λ
2
8pi`2B
n
Ω2v2
s
Nmax∑
N=n−1
∑
t,t′=±
∫ ∞
−∞
dkz{
nF (E
s
N,kz,t)
tFN
− nF (E
s
N+1,kz,t′)
t′FN+1
}F0
To obtain the vacuum contribution, we start with the
expression (16) and examine the N = n − 1 term. The
non-zero terms are, upto overall prefactor − λ2
8pi`2B
4n
Ω2v2 ,
shown below.
σ(s=+)xy (ω = 0) =
∫∞
−∞ dkz
[
2nF (E
+
n−1,kz,+)− nF (E+n,kz,+)− nF (E+n,kz,−)− nF (E+n,kz,+) F0Fn + nF (E
+
n,kz,−)
F0
Fn
]
σ(s=−)xy (ω = 0) =
∫∞
−∞ dkz
[
2nF (E
−
n−1,kz,−)− nF (E−n,kz,+)− nF (E−n,kz,−) + nF (E−n,kz,+) F0Fn − nF (E
−
n,kz,−)
F0
Fn
]
(17)
The zero-mode contribution in eqn. (17) contains the
so called anomalous vacuum contribution, the part that
exists at µ = 0. We are not interested in the other µ de-
pendent terms for now - we want to extract the behavior
of the anomalous term for T 6= 0. For T = 0 we know
that this term is proportional to Q for type-I mWSMs
and zero for type-II mWSMs. Similar to [25], we obtain
the anomalous contribution which reads (with Λ→∞)
σ(s)xy |anom=
λ2
8pi`2B
4n
Ω2v2
∫ Λ
−Λ
dkz
[
−nF (E+n,kz,+) + nF (E+n,kz,−) + nF (E−n,kz,+)− nF (E−n,kz,−)
] F0
Fn
(18)
One can check that this gives the anomalous contri-
bution for T → 0, and that the other terms do not
contribute [37]. In the presence of tilt, the integrals in
eqn.(18) are not analytically tractable. To proceed, one
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needs to add a divergent term proportional to C to the in-
tegral for each of the Fermi functions (These terms needs
to then be subtracted off appropriately after integration
to obtain finite results [37]). Applying the technique de-
scribed here, the anomalous vacuum contribution in the
expression of the Hall conductivity tensor for mWSMs
reads,
σanomxy (ω = 0) = −
λ2
2pi`2B
n
Ω2v3β
[
ln
(
1 + e−β(C(kz−Q)+v
√
(kz−Q)2+Ω2NPn−µ
1 + e−β(C(kz−Q)−v
√
(kz−Q)2+Ω2NPn−µ
)
+ ln
(
1 + e−β(C(kz+Q)+v
√
(kz+Q)2+Ω2NPn−µ
1 + e−β(C(kz+Q)−v
√
(kz+Q)2+Ω2NPn−µ
) ]Λ
−Λ
. (19)
For type-II mWSM, one finds that,
lim
Λ→∞
σanomxy (ω = 0)
∣∣∣
type-II
= 0 (20)
This makes the vacuum contribution zero for all temper-
ature T and chemical potential µ, restoring it to be uni-
versal in type-II phase! The physical arguments derived
in the previous section support this result. For type-I
mWSM, we find that,
lim
Λ→∞
σanomxy (ω = 0)
∣∣∣
type-I
= n
e2
2pi2
(
Q+
C
v
Λ
)
(21)
So, the integration picked out the correct contribution
but is divergent, and it becomes clear why the integral is
exact in the limit C = 0. One can understand the depen-
dence of the integral on Λ by considering the equivalent
presciption in the T → 0 case, where one would have to
subtract off the contribution post integration. Adhereing
to the same methodology, we obtain,
lim
Λ→∞
σanomxy (ω = 0)
∣∣∣
type-I
= n
e2
2pi2
Q. (22)
VII. CONCLUSION
In this paper, we have considered the effects of a
perpendicular magnetic field on generic type-I and
type-II multi-Weyl Semimetals. We have analyzed the
structure of the Hilbert space, and computed the Hall
conductivity tensor in the linear response regime using
the Kubo formula in the zero frequency limit.
We find that the Hilbert space, in the presence of
the quantizing field, hosts n zero modes which are
both degenerate and chiral, while the higher Landau
levels are achiral. Interestingly, the appearance of the
electron and Hall pockets, which is a hallmark of type-II
WSM physics, get destroyed in the presence of this
perpendicular field. The continuum pocket construction
manifests itself through infinite LL occupation in this
case. Effectively, each of the n chiral zero modes
contribute equally to the Hall conductivity.
The chiral structure of the zero-modes that contributes
to the Hall conductivity leads to the preservation of
the topological node separation (Q) term in the Hall
conductivity expression for the type-I phase. The type-I
total Hall conductivity generalizes well from the n = 1
case [22, 25], and varying the chemical potential causes
expected jumps in the Hall conductivity, as higher LLs
are occupied. This feature is also reflected in the Nernst
conductivities which has peaks corresponding to the
occupation of new LLs.
For type-II WSMs, both the zero mode thermal Hall
and Nernst conductivites are boosted by a factor of Cv ,
and get contributions from all of the countably infinite
LLs, which is a feature of the minimal model in the
B 6= 0 case. This motivates the introduction of a LL
cutoff, similar in spirit to the standard momentum cutoff
introduced in the B = 0 case, since the responses of
physical materials are finite. The Nernst conductivity
remains a constant up to a change in the cutoff Nmax
dictated by the Fermi level. Interestingly, we find that
the anomalous vacuum contribution is annihilated in
the presence of the magnetic field at zero temperature.
We understand this in terms of the cancellation of
electron and hole pockets which are point like in the
presence of the perpendicular B field. This suggests
that the anomalous contribution should vanish at all
temperatures and we verify this result, finding it to be
universal in the type-II phase.
The qualitative and quantitative observations made in
this manuscript are designed to serve in the character-
ization of generic mWSMs of both types, putting their
properties in an equivalence class modulo the two types
of tilt. Specifically, in the linear response regime and in a
perpendicular magnetic field, the difference in Hall con-
ductivity between the two-phase is directly proportional
to the monopole charge and node separation.
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